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Abstract: By using an arithmetic fact, we will firstly prove Saari’s conjecture in
a particular case, which is called the Elliptical Type N-Body Problem, and then we
apply it to prove that the variational minimal solution of the planar Newtonian N-body
problem is precisely a relative equilibrium solution whose configuration minimizes the
function IU2, it’s worth noticing that we don’t need the hypothesis of Finiteness of Cen-
tral Configurations. In the Planetary Restricted Problem (which ignore all the mutual
gravitational interactions between the planets), the corresponding Saari’s conjecture is
stated and proved.
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1 Introduction
In 1970, Donald Saari [31] proposed the following conjecture : In the Newto-
nian N-body problem, if the moment of inertia, I = Σnk=1mk|qk|2, is constant, where
q1, q2, · · · , qn represent the position vectors of the bodies of masses m1, · · · , mn, then
the corresponding solution is a relative equilibrium. In other words: Newtonian particle
systems of constant moment of inertia rotate like rigid bodies.
A lot of energies have been spent to understand Saari’s conjecture, but most of those
works ( such as [27, 28]) failed to achieve crucial results. However there have been a
few successes in the struggle to understand Saari’s conjecture. McCord [23] proved that
the conjecture is true for three bodies of equal masses. Llibre and Pina [21] gave an
alternative proof of this case, but they never published it.In particular, Moeckel [25, 26]
obtained a computer-assisted proof for the Newtonian three-body problem with positive
masses when physical space is Rd for all positive integer d ≥ 2. Diacu, Pe´rez-Chavela,
∗Supported partially by NSF of China
†Email:xiang.zhiy@gmail.com
‡Email:zhangshiqing@msn.com
1
and Santoprete [15] showed that the conjectre is true for any n in the collinear case for
potentials that depend only on the mutual distances between point masses. Roberts and
Melanson [30] showed that the conjecture is true for the restricted three-body problem
using a computer-assisted proof. There have been results, such as [29, 32, 33], which
studied the conjecture in other contexts than the Newtonian N -body problem.
Recently the interest in this conjecture has grown considerably due to the discovery
of the figure eight solution [10], which, as numerical arguments show, has an approx-
imately constant moment of inertia but is not a relative equilibrium. In recent years,
for a natural extension of the original Saari’s conjecture, namely Saari’s homographic
conjecture, some mathematicians have made some progress [14, 17, 18].
The variational minimal solutions of the N-body problem are attractive, since they
are nature from the viewpoint of the principle of least action. Unfortunately, there were
very few works about the variational minimal solutions before 2000. It’s worth noticing
that a lot of results have been got by the action minimization methods in recent years,
please see [3, 4, 5, 6, 7, 8, 9, 10, 11, 16, 22, 36, 37, 38, 39] and the references there.
Let Xd denote the space of configurations of N ≥ 2 point particles with masses
m1, . . . , mN in Euclidean space R
d of dimension d, whose center of masses is at the
origin, that is, Xd = {q = (q1, · · · , qN) ∈ (Rd)N :
∑N
i=1miqi = 0}. Let T = R/TZ
denote the circle of length T = |T|, embedded as T ⊂ R2.By the loop space Λ, we mean
the Sobolev space Λ = H1(T,Xd). We consider the opposite of the potential energy
(force function) defined by
U(q) =
∑
i<j
mimj
|qi − qj| . (1.1)
The kinetic energy is defined (on the tangent bundle of Xd) by K =
∑N
i=1
1
2
mi|q˙i|2,
the total energy is E = K − U and the Lagrangian is L(q, q˙) = L = K + U =∑
i
1
2
mi|q˙|2 +
∑
i<j
mimj
|qi−qj |
. Given the Lagrangian L, the positive definite functional
A : Λ→ R ∪ {+∞} defined by
A(q) =
∫
T
L(q(t), q˙(t))dt. (1.2)
is termed as action functional (or the Lagrangian action).
The action functional A is of class C1 on the subspace Λˆ ⊂ Λ, which is collision-free
space. Hence critical point of A in Λˆ are T-periodic classical solutions (of class C2) of
Newton’s equations
miq¨i =
∂U
∂qi
. (1.3)
Definition [35]. A configuration q = (q1, · · · , qN) ∈ Xd \ ∆d is called a central
configuration if there exists a constant λ ∈ R such that
N∑
j=1,j 6=k
mjmk
|qj − qk|3 (qj − qk) = −λmkqk, 1 ≤ k ≤ N (1.4)
The value of λ in (1.1) is uniquely determined by
λ =
U(q)
I(q)
(1.5)
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Where
∆d =
{
q = (q1, · · · , qN ) ∈ (Rd)N : qj = qk for some j 6= k
}
(1.6)
I(q) =
∑
1≤j≤N
mj |qj|2 (1.7)
It’s well known that the central configurations are the critical points of the func-
tion IU2, and IU2 attains its infimum on Xd \ ∆d. Furthermore, we know [24] that
infX2\∆2IU
2 < infX1\∆1IU
2and infX3\∆3IU
2 < infX2\∆2IU
2 whenN ≥ 4. When N ≥ 4
and Rd = R3, it is well known that the homographic solutions derived by the central
configurations minimizing the function IU2 are homothetic, furthermore, a homographic
motion in R3 which is not homothetic takes place in a fixed plane[1, 2, 8, 35].This is an
important reason for us only to consider d = 2. In fact, A. Chenciner [8] and Zhang-
Zhou [38] had proved that the minimizer of Lagrangian action among (anti)symmetric
loops for the spatial N -body(N ≥ 4) problem is a collision-free non-planar solution.
From the results of A. Albouy and A. Chenciner [1], our idea can be applied to the case
that d is any positive even number, however, for the sake of simplicity, we only consider
the case d = 2.
The paper is structured as follows. Section 2 introduces the Planetary Restricted
Problem and gives a precise statement of Saari’s Conjecture for the Planetary Restricted
Problem. Section 3 gives our main results. Section 4 gives the statements and proofs
of some lemmas which are useful and interesting for themselves. Finally, Section 5
gives the proofs of the main results in Section 3 by using the lemmas in Section 4.
2 Saari’s Conjecture for the Planetary Restricted
Problem
The evolution of (1 + N)-body systems (one can see [12]) interacting only through
gravitational attraction is governed by Newton’s equations (1.3). Equations (1.3) are
equivalent to the standard Hamilton’s equations corresponding to the Hamiltonian func-
tion
H(p, q) = K − U =
∑
0≤i≤N
1
2mi
|pi|2 −
∑
0≤i<j≤N
mimj
|qi − qj| (2.8)
where (p, q) = (p0, · · · , pN ; q0, · · · , qN) are standard symplectic variables. The symplec-
tic form is the standard one.
Introducing the symplectic coordinate change (p, q) = φhel(P,Q):
φhel :
q0 = Q0, qi = Q0 +Qi(i = 1, · · · , N)
p0 = P0 −
∑
1≤i≤N Pi, pi = Pi(i = 1, · · · , N)
(2.9)
one sees that the new Hamiltonian Hhel = H ◦ φhel does not depend upon Q0. This
means that P0 (total linear momentum) is a global integral of motion. Without loss of
3
generality, one can suppose that P0 = 0 since the invariance of the equation (1.3) under
the changes of inertial reference frames.
In the “planetary” case, one assumes that one of the bodies, say i = 0 (the Sun),
has mass much larger than that of the other bodies (this accounts for the index ”hel”,
which stands for “heliocentric”).To make the problem transparent, one may introduce
the following rescalings. Let mi = ǫm˜i, yi =
Pi
ǫm
5/3
0
, xi =
Qi
m
2/3
0
, (i = 1, · · · , N), we rescale
time by a factor ǫm
7/3
0 (which amounts to dividing the new Hamiltonian by such a
factor); then, the flow of the Hamiltonian function Hhel is equivalent to the flow of the
following Hamiltonian function:
Hnew(y, x) =
∑
1≤i≤N
(
|yi|2
2µi
− µiMi|xi| ) + ǫ
∑
1≤i<j≤N
(yi · yj − m˜im˜j/m
2
0
|xi − xj | ), (2.10)
where the mass parameters are defined as
Mi , 1 + ǫ
m˜i
m0
, µi ,
m˜i
m0 + ǫm˜i
=
m˜i
m0
1
Mi
(2.11)
By using these elements, the moment of inertia I = ΣNi=0mi|qi|2 and force function
U(q) =
∑
i<j
mimj
|qi−qj |
can be expressed as
I = ΣNi=0mi|qi|2 = ǫm4/30 [
∑
1≤i≤N
m˜i|xi|2 −
ǫ(
∑
1≤i≤N m˜ixi)
2
ǫ
∑
1≤i≤N m˜i +m0
] (2.12)
U = ǫm
4/3
0 [
∑
1≤i≤N
µiMi
|xi| + ǫ
∑
1≤i<j≤N
m˜im˜j/m
2
0
|xi − xj | ] (2.13)
By using rescalings, we can think that
I =
∑
1≤i≤N
m˜i|xi|2 −
ǫ(
∑
1≤i≤N m˜ixi)
2
ǫ
∑
1≤i≤N m˜i +m0
(2.14)
U =
∑
1≤i≤N
µiMi
|xi| + ǫ
∑
1≤i<j≤N
m˜im˜j/m
2
0
|xi − xj | (2.15)
For the Planetary Restricted Problem, that is the Planetary Problem when ǫ = 0,
the Hamiltonian becomes
H0(y, x) =
∑
1≤i≤N
(
|yi|2
2̺i
− ̺i|xi|), (2.16)
where ̺i =
m˜i
m0
. The systems with Hamiltonian H0 are integrable and represent the
sum of N two-body systems formed by the Sun and the i-th planet (disregarding the
interaction with the other planets). In the same time, the moment of inertia I and force
function U become
I0 =
∑
1≤i≤N
m˜i|xi|2 (2.17)
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U0 =
∑
1≤i≤N
̺i
|xi| (2.18)
For Two-body Problem (one can see [19]), Newton’s equation is
r¨ = − κr|r|3 , (2.19)
suppose the solution r(t) is ellipse, a denotes semi-major axis, e denotes eccentricity,
T denotes period, n˜ = 2π/T denotes mean motion, E denotes eccentric anomaly, τ =
n˜(t− ι) denotes mean anomaly, where ι denotes time of perihelion passage. There are
Kepler’s Third Law: n˜2a3 = κ and Kepler equation: E − e sinE = τ . Let r = |r|,
then r(t) = a[1 − e cosE], furthermore, E(mod2π) is periodic with period T . For the
Two-body Problem corresponds to the Planetary Restricted Problem
x¨i = − xi|xi|3 , (2.20)
suppose the solution xi(t) is ellipse, then |xi| = ai(1 − ei cosEi), where Ei(mod2π) is
periodic with period Ti.
It is obvious that, in the Planetary Restricted Problem, if every point particle moves
uniformly in circular orbit, then the moment of inertia, I0 =
∑
1≤i≤N m˜i|xi|2, is constant.
In the Planetary Restricted Problem, the Saari’s Conjecture says this is the only case:
if the moment of inertia, I0 =
∑
1≤i≤N m˜i|xi|2, is constant, then every point particle
moves uniformly in circular orbit, that is, every eccentricity ei(i = 1, · · · , N) must be
zero.
3 Main Results
The main results in this paper are the following theorems:
Theorem 3.1 Saari’s Conjecture is true if i-th point particle has mode of motion
qi(t) = ai cos(θ(t)) + bi sin(θ(t)), ∀t ∈ T. (3.21)
and ai, bi ∈ Rd for all i = 1, . . . , N , [ϕ, ϕ + π] ⊆ {θ(t) : t ∈ T} for some ϕ ∈ R. In
particular, Saari’s Conjecture is true when θ(t) = 2π
T
t.
Corollary 3.2 Saari’s Conjecture is true if in a barycentric reference frame the con-
figurations formed by the bodies remain the central configurations all the time.
Remark. If the Conjecture on the Finiteness of Central Configurations is true [20, 34,
35], then the Corollary 3.2 is obvious, but we don’t need this hypothesis here, so the
Corollary 3.2 is not trivial.
Theorem 3.3 In the Planetary Restricted Problem, the Saari’s Conjecture is true.
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Theorem 3.4 For Newtonian N-body problem, the regular solutions minimizing the
functional A in S = {q ∈ H1(T, (R2)N) : ∫
T
q(t)dt = 0} are precisely the relative equi-
librium solutions whose configurations minimize the function IU2 in R2.
Remark. Compared with the result of A.Chenciner [8] and Checiner-Desolneux
[9]: For the planar N -body problem, a relative equilibrium solution whose configuration
minimizes I
1
2U is always a minimizer of the action on S; moreover, all minimizers are
of this form provided there exists only a finite number of similitude classes of N -body
central configurations. For the second part, he could only prove rigorously for 3-body
and 4-body problems, since we know that the Conjecture on the Finiteness of Central
Configurations have only been proved for 3-body and 4-body problems until now [20].
4 Some Lemmas
Let [t] denote the unique integer such that t − 1 < [x] ≤ t for any real t. The
difference t− [t] is written as {t} and satisfies 0 ≤ {t} < 1.
First of all, we need a famous arithmetic fact which belongs to Kronecker:
Lemma 4.1 If 1,θ1, . . . , θn are linearly independent over the rational field, then the
set {({kθ1}, . . . , {kθn}): k ∈ N} are dense in the n-dim unite cube {(ϕ1, . . . , ϕn) : 0 ≤
ϕi ≤ 1, i = 1, . . . , n}.
In the following, we will prove three lemmas which are needed to prove our main
results, and these lemmas are also interesting for themselves.
Lemma 4.2 Given θ1, . . . , θn and any ǫ > 0, there are infinitely many integers k ∈ N
such that {kθi} < ǫ or {kθi} > 1− ǫ for every i = 1, . . . , n.
Proof of Lemma 4.2:
If all of θ1, . . . , θn are rational, the proposition is obviously right. Hence, without
loss of generality, we will suppose that 1,θ1, . . . , θl(1 ≤ l ≤ n) are linearly independent
over the rational field and θl+1, . . . , θn can be spanned by rational linear combination,
that is, we have θi = x
0
i +
∑
1≤j≤l x
j
iθj , where l < i ≤ n and xji are rational numbers for
0 ≤ j ≤ l. Let integer p satisfy that all of px0i are integers for l < i. It is easy to know
that 1,pθ1, . . . , pθl are still linearly independent over the rational field. Then for any
δ > 0, there are infinitely many integers k ∈ N such that {kpθi} < δ or {kpθi} > 1− δ
for every i = 1, . . . , l by the Lemma 4.1 , and it is easy to know that {kpθi} < Cδ or
{kpθi} > 1 − Cδ for some constant C which only depends on xji . So for any ǫ > 0,
there are infinitely many integers k ∈ N such that {kθi} < ǫ or {kθi} > 1− ǫ for every
i = 1, . . . , n.

6
Lemma 4.3 If U(q) ≡ const, where q = (q1, · · · , qN),
qi(t) = ai cos(θ(t)) + bi sin(θ(t)), ∀t ∈ T. (4.22)
and ai, bi ∈ Rd for all i = 1, . . . , N , [ϕ, ϕ + π] ⊆ {θ(t) : t ∈ T} for some ϕ ∈ R. Then
qi(t)(i = 1, . . . , N) is is a rigid motion.
Proof of Lemma 4.3:
Firstly, we expand U(q(t)) as Fourier series:
U =
∑
1≤j<k≤N
mjmk
|qj − qk|
=
∑
1≤j<k≤N
mjmk
[|aj − ak|2 cos2 θ(t) + |bj − bk|2 sin2 θ(t) + 2(aj − ak) · (bj − bk) sin θ(t) cos θ(t)] 12
=
∑
1≤j<k≤N
mjmk
[
|aj−ak|2+|bj−bk|2
2
+ (
|aj−ak|2−|bj−bk |2
2
) cos(2θ(t)) + (aj − ak) · (bj − bk) sin(2θ(t))] 12
=
∑
1≤j<k≤N
mjmk
[
|aj−ak|2+|bj−bk|2
2
+ (
|aj−ak|2−|bj−bk |2
2
) cos(2θ(t)) + (aj − ak) · (bj − bk) sin(2θ(t))] 12
=
∑
1≤j<k≤N
mjmk
[Ajk +Bjk cos(2θ(t) + θjk)]
1
2
where
Ajk =
|aj − ak|2 + |bj − bk|2
2
(4.23)
Bjk = [(
|aj − ak|2 − |bj − bk|2
2
)2 + ((aj − ak) · (bj − bk))2] 12 (4.24)
and θjk can be determined when Bjk > 0. In the following, we will prove Bjk = 0 for
any j, k ∈ {1, . . . , N}. It is easy to know that Ajk ≥ Bjk, let Cjk = BjkAjk , then we have
U =
∑
1≤j<k≤N
mjmk
A
1
2
jk
[1 + (−1
2
)Cjk cos(2θ(t) + θjk) + . . .+
(−1
2
)(−1
2
− 1) . . . (−1
2
− n+ 1)
n!
(Cjk)
n cosn(2θ(t) + θjk) + . . .]
=
∑
1≤j<k≤N
mjmk
A
1
2
jk
{1 + (−1
2
)Cjk
exp
√−1(2θ(t) + θjk) + exp−
√−1(2θ(t) + θjk)
2
+ . . .+
(−1
2
)(−1
2
− 1) . . . (−1
2
− n+ 1)
n!
(Cjk)
n[
exp
√−1(2θ(t) + θjk) + exp−
√−1(2θ(t) + θjk)
2
]n
+ . . .}
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=
∑
1≤j<k≤N
mjmk
A
1
2
jk
[1 + (−1
2
)Cjk
exp
√−1(2θ(t) + θjk) + exp−
√−1(2θ(t) + θjk)
2
+ . . .+
(−1
2
)(−1
2
− 1) . . . (−1
2
− n+ 1)
n!
(Cjk)
n
∑
0≤l≤n
(
n
l
)
exp
√−1((2θ(t) + θjk)(2l − n))
2n
+
. . .]
=
∑
1≤j<k≤N
mjmk
A
1
2
jk
{1 +
∑
1≤l
(−1
2
)(−1
2
− 1) . . . (−1
2
− 2l + 1)
(2l)!
(Cjk)
2l
(
2l
l
)
22l
+
∑
1≤n
exp
√−1(2nθ(t))[(−
1
2
)(−1
2
− 1) . . . (−1
2
− n + 1)
n!
(Cjk)
n exp
√−1(nθjk)
2n
+
(−1
2
)(−1
2
− 1) . . . (−1
2
− n− 1)
(n + 2)!
(Cjk)
n+2
(
n+ 2
n+ 1
)
exp
√−1(nθjk)
2n+2
+ . . .]+
∑
1≤n
exp
√−1(−2nθ(t))[(−
1
2
)(−1
2
− 1) . . . (−1
2
− n+ 1)
n!
(Cjk)
n exp
√−1(−nθjk)
2n
+
(−1
2
)(−1
2
− 1) . . . (−1
2
− n− 1)
(n + 2)!
(Cjk)
n+2
(
n+ 2
n+ 1
)
exp
√−1(−nθjk)
2n+2
+ . . .]}
Since U ≡ const, then by the uniqueness of Fourier series we have
∑
1≤j<k≤N
mjmk
A
1
2
jk
[
(−1
2
)(−1
2
− 1) . . . (−1
2
− n+ 1)
n!
(Cjk)
n exp
√−1(nθjk)
2n
+
(−1
2
)(−1
2
− 1) . . . (−1
2
− n− 1)
(n+ 2)!
(Cjk)
n+2
(
n+ 2
n+ 1
)
exp
√−1(nθjk)
2n+2
+ . . .] = 0
(4.25)
∑
1≤j<k≤N
mjmk
A
1
2
jk
[
(−1
2
)(−1
2
− 1) . . . (−1
2
− n+ 1)
n!
(Cjk)
n exp−√−1(nθjk)
2n
+
(−1
2
)(−1
2
− 1) . . . (−1
2
− n− 1)
(n+ 2)!
(Cjk)
n+2
(
n + 2
n + 1
)
exp−√−1(nθjk)
2n+2
+ . . .] = 0
(4.26)
for any n ≥ 1. Hence we have
∑
1≤j<k≤N
D
(n)
jk exp 2π
√−1(nθjk
2π
) = 0 (4.27)
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for any n ≥ 1, where
D
(n)
jk =
mjmkC
n
jk
A
1
2
jk
[1 +
(1
2
+ n)(1
2
+ n + 1)
(n + 1)(n+ 2)
(Cjk)
2
(
n+ 2
n+ 1
)
22
+ . . .] (4.28)
We claim that the right side of the equation (4.28) is convergent. In fact, let
fjk = 1 +
(1
2
+ n)(1
2
+ n+ 1)
(n+ 1)(n+ 2)
(Cjk)
2
(
n + 2
n + 1
)
22
+ . . .
= 1 + c1(Cjk)
2 + c2(Cjk)
4 + . . .+ cl(Cjk)
2l + . . .
where
cl =
(1
2
+ n)(1
2
+ n + 1) . . . (2l − 1− 1
2
+ n)(2l − 1
2
+ n)
(n+ 1)(n+ 2) . . . (n + 2l − 1)(n+ 2l)
(
n+ 2l
n + l
)
22l
(4.29)
Then we have
cl+1
cl
=
(2l + 1
2
+ n)(2l + 1 + 1
2
+ n)
4(l + 1)(l + 1 + n)
(4.30)
lim
l→∞
cl+1
cl
= 1 (4.31)
Hence the series of the equation (4.28) is convergent when (Cjk)
2 < 1. Furthermore,
we can prove the convergence of the series for the equation (4.28) by using Gauss’ text
when (Cjk)
2 = 1. In fact, we have
cl
cl+1
= 1 +
n+2
2
l
+ βl (4.32)
where
βl = −
2n2 + 2n+ 3
4
+
(n+ 1
2
)(n+ 3
2
)(n+2)
2l
4l2 + 2l(n+ 2) + (n+ 1
2
)(n + 3
2
)
(4.33)
Since n+2
2
> 1 and |βl| ∼ cl2 , where c is a constant, then it is easy to know that the
series of the equation (4.28) is convergent when C2jk = 1.
From Lemma 4.2, we know there exists some n such that n
θjk
2π
= kn+ ϕjk, where kn is
an integer and −1
4
< ϕjk <
1
4
. Since D
(n)
jk ≥ 0, there must be D(n)jk = 0 for any j, k by
the equation (4.27). So we have Cjk = 0, |qj − qk| ≡
√
Ajk.
Hence qi(t)(i = 1, . . . , N) is a rigid motion.

Remark. It is easy to know that the same result is still true when the potential
function is defined by U(q) =
∑
i<j
mimj
|qi−qj |α
for any α > 0 and if U(q(t)) is a trigonometric
polynomial when i-th point particle has the following mode of motion
qi(t) = ai cos θ(t) + bi sin θ(t), ∀t ∈ T. (4.34)
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and ai, bi ∈ Rd, for all i = 1, . . . , N .
Two numbers t1 and t2 are called to be linearly dependent over the rational field, if
there exist two rational numbers s1 and s2 (at least one of them is nonvanishing) such
that t1s1+ t2s2 = 0. It is easy to know that linear dependence for two numbers over the
rational field is a equivalence relation on the set R\{0}. Hence we can get a partition
of any subset of R\{0}.
Lemma 4.4 Given some continuous periodic functions ui(t)(i ∈ Λ, t ∈ R), for the
set of all the periods of ui(t)(i ∈ Λ), suppose there are only finite equivalence relations
according to linear dependence over the rational field, that is, there are index subsets
Λi(i = 1, · · · , n) such that
⋃n
j=1 Λj = Λ and Λi
⋂
Λj = ∅(1 ≤ i 6= j ≤ n), moreover, the
functions ui(t)(i ∈ Λ1) have a common period T1, · · · , the functions ui(t) (i ∈ Λn) have
a common period Tn, and Ti, Tj are linearly independent over the rational field for any
1 ≤ i, j ≤ n. If ∑i∈Λ ui(t) ≡ const, then ∑i∈Λj ui(t) ≡ const for every j ∈ {1, · · · , n}.
Proof of Lemma 4.4:
For a function u(t), we define
△iu , u(t − Ti) − u(t), △j△iu , △iu(t − Tj) − △iu(t), △ku , △k · · ·△1u for any
k ∈ {1, · · · , n},
and
△˜iu , u(t+ Ti)− u(t), △˜j△˜iu , △˜iu(t+ Tj)−△˜iu(t), △˜ku , △˜n−k+1 · · · △˜nu for any
k ∈ {1, · · · , n}.
From ∑
i∈Λ
ui(t) =
∑
1≤j≤n
∑
i∈Λj
ui(t) ≡ const, (4.35)
we can get
△1
∑
1≤j≤n
∑
i∈Λj
ui(t) = △1
∑
2≤j≤n
∑
i∈Λj
ui(t) = 0, (4.36)
△2△1
∑
2≤j≤n
∑
i∈Λj
ui(t) = △2△1
∑
3≤j≤n
∑
i∈Λj
ui(t) = △2
∑
3≤j≤n
∑
i∈Λj
ui(t) = 0, (4.37)
· · ·
△n−1
∑
i∈Λn
ui(t) = 0, (4.38)
Then ∫ Tn
0
△n−1
∑
i∈Λn
ui(t) exp
√−1(k2π
Tn
t)dt = 0, (4.39)
for any k ∈ Z\{0}.
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The above equations can be changed as
0 =
∫ Tn
0
[△n−2
∑
i∈Λn
ui(t− Tn−1)−△n−2
∑
i∈Λn
ui(t)] exp
√−1(k2π
Tn
t)dt
=
∫ Tn
0
△n−2
∑
i∈Λn
ui(t)△˜n−1 exp
√−1(k2π
Tn
t)dt
= (exp
√−1(k2πTn−1
Tn
)− 1)
∫ Tn
0
△n−2
∑
i∈Λn
ui(t) exp
√−1(k2π
Tn
t)dt
· · ·
= (exp
√−1(k2πT1
Tn
)− 1) · · · (exp√−1(k2πTn−1
Tn
)− 1)∫ Tn
0
∑
i∈Λn
ui(t) exp
√−1(k2π
Tn
t)dt
(4.40)
for any k ∈ Z\{0}.
Since Tn, Tj are linearly independent over the rational field for any 1 ≤ j ≤ n − 1,
we can get ∫ Tn
0
∑
i∈Λn
ui(t) exp
√−1(k2π
Tn
t)dt = 0, (4.41)
for any k ∈ Z\{0}.
Hence
∑
i∈Λn
ui(t) ≡ const holds.
Similarly, we can also get
∑
i∈Λj
ui(t) ≡ const for every j ∈ {1, · · · , n− 1}.

5 The Proofs of Main Results
Proof of Theorem 3.1:
From the Jacobi’s identity, we known that U is constant on the solution for New-
tonian particle systems of constant moment of inertia, so we can get Theorem 3.1 by
Lemma 4.3.

Proof of Corollary 3.2:
From the conditions of Corollary 3.2, we have
miq¨i = −λmiqi. (5.42)
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where λ = U(q)
I(q)
is a constant. It is easy to know that
qi(t) = ai cos(
√
λt) + bi sin(
√
λt), ∀t ∈ T. (5.43)
for some ai, bi ∈ Rd, i = 1, . . . , N .
Then by Theorem 3.1, we know that the Saari’s Conjecture is true.

Proof of Theorem 3.3:
If the solution (x1(t), · · · , xN (t)) of the Planetary Restricted Problem satisfies I0 =∑
1≤i≤N m˜i|xi|2 ≡ const, it is easy to know that U0 =
∑
1≤i≤N
̺i
|xi|
≡ const is true. Then
we know that every point particle does not collide with the sun, otherwise, U0 can not
be constant since U0 will tend to ∞ for the collision orbit; every point particle moves
in elliptic orbit, otherwise, the moment of inertia I0 can not be constant since T0 will
tend to ∞ for the parabolic or hyperbolic orbit. So we have
I0 =
∑
1≤i≤N
m˜ia
2
i (1− ei cosEi)2 (5.44)
U0 =
∑
1≤i≤N
̺i
ai(1− ei cosEi) (5.45)
Our aim is to prove that every eccentricity ei, (i = 1, · · · , N) must be zero. We will
mainly use the equation (5.45), it will be convenient to divide the proof into several
steps.
Step 1.
If N point particles have the same period T , then N point particles have the same
semi-major axis a by Kepler’s Third Law, their mean anomaly are respectively τi =
n˜t− n˜ιi. We will prove ei, (i = 1, · · · , N) must be zero in this case.
From Kepler equation, one can get (one can see [2]):
1
1− ei cosEi = 1 + 2
∑
n≥1
Jn(nei) cos(nτi) (5.46)
where
Jn(z) =
1
2π
∫ 2π
0
cos(nθ − z sin θ)dθ =
∑
k≥0
(−1)k(z/2)n+2k
k!(n + k)!
(5.47)
is the Bessel function of order n.
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Then we have
U0 =
∑
1≤i≤N
̺i
a(1− ei cosEi)
=
∑
1≤i≤N
̺i
a
[1 + 2
∑
n≥1
Jn(nei) cos(nτi)]
=
∑
1≤i≤N
̺i
a
+
∑
n≥1
[
∑
1≤i≤N
2̺i
a
Jn(nei) cos(nn˜ιi) cos(nn˜t)
+
∑
1≤i≤N
2̺i
a
Jn(nei) sin(nn˜ιi) sin(nn˜t)] (5.48)
Since U0 ≡ const, we get ∑
1≤i≤N
̺iJn(nei) cos(nn˜ιi) = 0 (5.49)
∑
1≤i≤N
̺iJn(nei) sin(nn˜ιi) = 0 (5.50)
If ei > 0, then we can find the asymptotic formula for Jn(nei) (one can see [13]):
Jn(nei) =
2√
2πn tanh γi
exp n(tanh γi − γi)(1 +O(n−1/5)), (5.51)
where ei =
1
cosh γi
and γi > 0, hence Jn(nei) > 0 holds for sufficiently large n. By
Lemma 4.2, we know there exists some sufficiently large n such that nn˜ιi = 2π(kni +
ϕni), where kni is an integer and −14 < ϕni < 14 . Since ̺iJn(nei) > 0, we will get∑
1≤i≤N
̺iJn(nei) cos(nn˜ιi) > 0 (5.52)
this is a contradiction with the equation (5.49). So there must be ei = 0 for any
i ∈ {1, · · · , N} .
Step 2.
If N point particles have different periods but they have a common period T . Then
one can suppose that 1-th body, · · · , N -th body have respectively the period T1, · · · ,
TN , and T = kiTi, where ki is positive integer, i ∈ {1, · · · , N}.
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Since
U0 =
∑
1≤i≤N
̺i
ai(1− ei cosEi)
=
∑
1≤i≤N
̺i
ai
[1 + 2
∑
n≥1
Jn(nei) cos(nki
2π
T
(t− ιi))]
=
∑
1≤i≤N
̺i
ai
+
∑
n≥1
[
∑
1≤i≤N
2̺i
ai
Jn(nei) cos(nki
2π
T
ιi) cos(nki
2π
T
t)
+
∑
1≤i≤N
2̺i
ai
Jn(nei) sin(nki
2π
T
ιi) sin(nki
2π
T
t)]
=
∑
1≤i≤N
̺i
ai
+
∑
n≥1
[
∑
i∈Σn
2̺i
ai
Jn/ki(
n
ki
ei) cos(n
2π
T
ιi) cos(n
2π
T
t)
+
∑
i∈Σn
2̺i
ai
Jn/ki(
n
ki
ei) sin(n
2π
T
ιi) sin(n
2π
T
t)]
(5.53)
where Σn is the subset of {1, · · · , N}, whose element i is a divisor of n.
We have ∑
i∈Σn
2̺i
ai
Jn/ki(
n
ki
ei) cos(n
2π
T
ιi) = 0 (5.54)
∑
i∈Σn
2̺i
ai
Jn/ki(
n
ki
ei) sin(n
2π
T
ιi) = 0 (5.55)
Then it is similar to Step 1, if some ei > 0, then we can find some sufficiently large
n such that ∑
i∈Σn
2̺i
ai
Jn/ki(
n
ki
ei) cos(n
2π
T
ιi) > 0. (5.56)
However this result contradicts with the equation (5.54). So there must be ei = 0 for
any i ∈ {1, · · · , N}.
Step 3.
If N point particles have different periods and they don’t have a common period. We
firstly divide these periods according to the equivalence relations of linear dependence
over the rational field. One can suppose that the family of sets Ω1, · · · , Ωn (1 ≤ n ≤
N) is the partition of these periods, and the corresponding point particles constitute
respectively the sets Σ1, · · · , Σn (1 ≤ n ≤ N). By Lemma 4.4, we have∑
i∈Σ1
̺i
ai(1− ei cosEi) ≡ const (5.57)
· · ·∑
i∈Σn
̺i
ai(1− ei cosEi) ≡ const (5.58)
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Then by Step 2, we know that the Saari’s Conjecture is true in the Planetary Re-
stricted Problem.

Proof of Theorem 3.4:
We have
A(q) =
∫
T
[
∑
i
1
2
mi|q˙i|2 +
∑
i<j
mimj
|qi − qj | ]dt
≥
∫
T
[(
2π
T
)2
∑
i
1
2
mi|qi|2 +
∑
i<j
mimj
|qi − qj | ]dt
=
∫
T
[
1
2
(
2π
T
)2I(q) +
1
2
U(q) +
1
2
U(q)]dt
≥ 3
∫
T
[(
1
2
)3(
2π
T
)2I(q)U2(q)]
1
3dt
≥ 3[(infX2\∆2IU
2)π2
2
]
1
3T
1
3
then, A(q) = 3[
(infX2\∆2IU
2)π2
2
]
1
3T
1
3 if and only if:
(i). there exist ai, bi ∈ R2, for all i = 1, . . . , N , such that
qi(t) = ai cos(
2π
T
t) + bi sin(
2π
T
t), ∀t ∈ T. (5.59)
(ii). (2π
T
)2I(q) = U(q).
(iii). q minimizes the function IU2.
By (ii) and (iii) we know I(q) ≡ const, U(q) ≡ const, and q(t) is always a central
configuration. Then q is a relative equilibrium solution whose configuration minimizes
the function IU2 by (i) and Theorem 3.1.

Remark. We notice that as in A.Chenciner [7] [8] and Checiner-Desolneux [9], if
the Conjecture on the Finiteness of Central Configurations is true, (ii) and (iii) are
sufficient to prove Theorem 3.4; in fact, as [7] pointed that if a weaker conjecture:
“the minimum points of the function IU2 are finite” could be proved, (ii) and (iii) are
also sufficient to prove Theorem 3.4. However, we don’t know any rigorous proofs
for the above conjectures, hence we exploit the condition (i) as far as possible, after
we prove Saari’s conjecture in the elliptical type N-Body Problem, we can get over the
obstacle.
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